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Dynamic AdS/QCD is a modification of AdS/QCD that includes the running of the anomalous 
dimension of the qq quark bilinear and in which the generation of the constituent quark mass plays 
the role of an IR wall. The model allows one to move away smoothly from the controlled spectrum 
of the N = 2 super Yang-Mills theory of the D3/probe-D7 system to more QCD-like theories 
with chiral symmetry breaking. We investigate soft wall behaviour in the model that gives Regge 
trajectories with ~ n, s. To achieve these behaviours requires the quark’s constituent mass 
to fall peculiarly sharply in the IR so that meson physics is sensitive to RG scales well below the 
quark’s on-shell mass. Including soft wall behaviour in models of walking gauge dynamics breaks 
the near conformal symmetry which is present above the quark on-shell mass which can generate a 
large mass for the techni-dilaton like state. We conclude that the meson spectrum is rather sensitive 
to the IR decoupling. 


I. INTRODUCTION 


The AdS/CFT Correspondence [T] combined with the 
introduction of flavour branes Hi provides a quantita¬ 
tive method for computation of the physics of quarks in 
at least some strongly coupled gauge theories. For exam¬ 
ple, the light meson spectrum of the >1 = 2 theory with 
a small number of quark multiplets in the background of 
N = 4 super-Yang-Mills is known [4j. It has been nat¬ 
ural to attempt to move these techniques towards more 
QCD-like theories [SHE] although a more phenomenolog¬ 
ical bottom-up methodology has been the only way to 
directly proceed to QCD. AdS/QCD HUD] is the broad¬ 
est brush-stroke example, being the maximally simplified 
model in the spirit of a probe D7 action embedded in 
AdSs. It was recognised early on though that the model 
suffers from radially excited states whose masses grow 
as n (the excitation number) [III 112) and, if minimally 
extended to include higher spin states, masses that grow 
as s (the spin). In QCD, meson Regge trajectories typi¬ 
cally show and s behaviour and indeed this was the 
original motivation for string theory. In AdS/CFT the 
ultra strong coupling limit leaves a classical supergravity 
theory for the lightest states without strings in the AdS 
space to match the expectation that in QCD quarks are 
joined by extended gluonic flux tubes. 

In [TD] the authors pointed out that modifications of the 
infra-red (IR) AdS geometry or the IR behaviour of a 
dilaton field in AdS could be used to achieve the expected 
Regge form for the masses. This clever trick undoes the 
argument that a dual field theory can’t describe this as¬ 
pect of the QCD spectrum. However, the trick is not 
completely convincing since the mesonic spectrum is de¬ 
termined by modifications of the theory in the deep IR 
well below the constituent quark mass and confinement 
scale which appears a peculiar violation of decoupling. 
Nevertheless such IR modifications have been incorpo¬ 
rated into models such as [niinj that provide a remark¬ 


ably good description of QCD (see also for example the 
recent [T6]l. 

Here we will present an analysis in which we introduce 
soft-wall behaviour in the Dynamic AdS/QCD model 
m The model is a slightly more sophisticated version of 
AdS/QCD retaining a few more features of probe brane 
embeddings in rigorous string theory settings. In partic¬ 
ular it allows one to smoothly move (in a phenomenolog¬ 
ical rather than rigorous way) from the N = 2 theory to 
more QCD-like behaviour. It also provides an interpre¬ 
tation of the chiral symmetry breaking condensation as 
the dynamical generation of a IR quark mass. We will 
see that to introduce a soft wall and obtain a meson spec¬ 
trum requires a rather peculiar profile for the dynamical 
mass (certainly not seen in top down models) in order to 
allow physics in the deep IR to enter the meson physics 
- in particular the dynamical quark mass must vanish 
in the deep IR. This analysis provides some support for 
those who claim there is an inherent tension in the use 
of non-stringy descriptions of QCD states. 

Recent work [T5| [HI [ 20 ] has considered extending 
AdS/QCD models beyond just QCD to theories with 
arbitrary Nf and including theories speculated to 
run to IR fixed points and to behave as walking theo¬ 
ries |32]. These models hopefully provide guidance to 
lattice practitioners who are attempting to simulate such 
theories [HHsi] and one hopes that broad trends in the 
behaviours of meson masses as one enters this regime will 
be correctly displayed. The key extra ingredient beyond 
the simplest AdS/QCD models is to allow the AdS mass 
squared of the scalar which describes the quark conden¬ 
sate (and encodes its dimension via = A(A — 4)), 
to run with RG scale. Chiral symmetry breaking oc¬ 
curs at the scale where the Breitenlohner Freedman (BF) 
bound [33] is violated (M^ = —4 in AdSs corresponding 
to A = 2, or an anomalous dimension for gg of 7 = 1). 

An interesting debate about walking theories is whether 
the pseudo-conformal regime generates a bound state in 
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the spectrum that is anomalously light since it is a Gold- 
stone for conformal symmetry breaking. Interestingly in 
Dynamic AdS/QCD the spin zero qq a or /o meson was 
observed to become light [T71 [TS] (the models of [T5] also 
describe a light dilaton holographically). On the other 
hand in the model of [15] its mass did not fall relative 
to other states in this regime. Here we wish to sug¬ 
gest that the key difference between these models is that 
the latter incorporates a soft wall IR (the IR behaviour 
of their tachyon field is crucial to this dynamics also) 
whilst the former don’t. To test this we show that if soft 
wall behaviour (however artificial) is introduced into the 
Dynamic AdS/QCD model then the shift to the IR be¬ 
haviour of the quark mass introduces rather strong con¬ 
formal symmetry breaking and the resulting a becomes 
heavy. This at least makes it clear that the behaviour of 
this state is sensitive to how the mesonic physics decou¬ 
ples at strong coupling at scales beneath the scale of the 
dynamically generated quark mass. 


II. HARD & SOFT WALL ADS/QCD 


We begin by reviewing briefly the hard mm and soft 
wall ini AdS/QCD models. We assume the s = 1 p 
meson is created by the operator qj^q. Higher Regge 
states of greater spin are associated with the operators 
q'yf^d'^q, qj^d^d^q,.. and so on with s — I derivatives 
inserted. The operators have dimension 2 -|- s. 

Holographically each of these operators will be associated 
with an s index field A^ ' in the dual geometry. In the 
hard wall model the dilaton $ is a constant and one uses 
the AdSs metric 


ds^ = r'^dxl + ^dr'^ ( 1 ) 

r has the usual interpretation as an energy scale and is 
subject to a sharp cut-off at some tq. 

The action is then 

P _4) 

S ^ j d'^xdr (yA^^ -)^ (2) 

$ is a dilaton field. Note the factors of r are present since 
we have rescaled the fields A''-" to have dimension 2 — s. 
Writing such an action implicitly assumes a prescription 
for higher spin fields in AdS - here we have written the 
most naive possibility. 

To find the bound state masses we consider, for ex¬ 
ample, states polarized in x^y and moving in z. We 
seek linearized solutions of the form y with 
= —M^ and arrive at the equation of motion 

dr [r^+‘^‘‘drV] + = 0 (3) 


The large r solutions take the form 

y=-+^ ( 4 ) 

The constant c' has dimension 2 -|- s which is appropri¬ 
ate to describe the operators under discussion and c has 
dimension 2 — s as is appropriate for the source. 

To provide intuition as to the form of the solutions we 
move to a Schroedinger equation form by setting z = 1/r 
and V = giving 

- / + U{z)^ = Mli:, U{z) = (5) 

At small z —>■ 0 (the UV) the potential grows sharply and 
in the IR the hard wall presents another barrier - this is 
asymptotically a square well and the eigenstates M/ ^ 
n^. Further since the well is proportional in magnitude 
to it also follows that M/ ~ s^. 

In soft wall models the IR metric and/or dilaton are al¬ 
lowed to take different forms to replace the hard wall cut 
off. If we consider an IR metric {z —>■ oo) 

-I- dz^) (6) 

then now carries energy dimension and the action for 
our fields are 

r p(4s-4)A 

S J d^xdr {df^A’'^ -f (7) 

The equation of motion becomes 




The choices $ = constant, A = —z^ and the redefinition 
of fields V = tp gives the Schroedinger form 

— Ip + U{z)ip = M'^ip, 17(z) = (4s^-I-I)z^ (9) 

Here the potential is that of a simple harmonic oscillator 
and the solutions are known to scale as ~ n. How¬ 
ever, the s dependence in the potential means that the 
behaviour with s is not M/ ^ s. 

Alternatively one can return to 0 leaving the metric 
untouched and generate the soft wall through a dilaton 
profile d) ~ 1/r^ ~ z^. The equation of motion is that in 
^ with A = — logz. On setting V = 
we find 

-Ip +U{z)'ip = M^pj, U{z) = z^ + 2{s-l) + - - y— 

which has eigenvalues 

=4(n + s) 


( 11 ) 
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which is the preferred scenario in |13j . 

Our initial goal is now to realize these soft wall scenarios 
in the Dynamic AdS/QCD model. 


III. DYNAMIC ADS/QCD 


Dynamic AdS/QCD was introduced in detail in [17] and 
is a variant of AdS/QCD with some additional features 
taken from top down D7 probe models. In particular 
the soft wall in the model is dynamically determined and 
corresponds to the presence of a quark condensate. 

The five dimensional action of our effective holographic 
theory is 


S = I ctx dpe ^Trp' 


p2 + |A|2 


\DX[^ 


Am^ 


|A| = 




( 12 ) 


The field X describes the quark condensate degree of 
freedom. Fluctuations in |A| around its vacuum config¬ 
urations describe the scalar meson. The tt fields are the 
phase of X, 


A = L(p) (13) 

Fv are vector fields that will describe the vector (D) 
mesons. 


We work with the five dimensional metric 

= ’^^2 + \X\^ + + \Xf)dx'^, (14) 


which will be used for contractions of the space-time in¬ 
dices. p is the holographic coordinate (p = 0 is the IR, 
p —>■ oo the UV) and |A| = L enters into the effective 
radial coordinate in the space, i.e. there is an effective 
= p^ -I- |Ap. This is how the quark condensate gen¬ 
erates a soft IR wall for the linearized fluctuations that 
describe the mesonic states: when | A| is nonzero the the¬ 
ory will exclude the deep IR at r = 0. 

The vacuum structure of the theory can be determined 
by setting all fields except |A| = L to zero. We assume 
that L will have no dependence on the x coordinates. 
The action for L is given by 


S= d'^x dp p^ 


{dpLf 


Am^ — 


(15) 


If Am^ = 0 then the scalar, L, describes a dimension 
3 operator and dimension I source as is required for 
it to represent qq and the quark mass m. That is, in 
the UV the solution for the L equation of motion is 


L = m + qq/p^. This case is in fact the N = 2 SYM the¬ 
ory of |1] and Dynamic AdS/QCD generates the known 
spectrum for the p meson in that case. A non-zero Am^ 
allows us to introduce an anomalous dimension for the 
quark bilinear operator. If the mass squared of the scalar 
violates the BF bound of -4 (Am^ = —I, 7=1) then the 
scalar field L becomes unstable and the theory enters a 
chiral symmetry breaking phase. A controlled example is 
introducing a magnetic field into the iNf = 2 SYM theory 
[8| by an effective dilaton factor 

I If 

® ^ (p2-t-L2)2 

One could alternatively expand this to quadratic order 
in L and treat the quadratic term as a p dependent Am^ 
term. The induced L{p) function is schematically of the 
form L ~ l/(l-|-p^) for B ^ 1. This function can be 
thought of as the RG flow of the quark mass from a cur¬ 
rent quark mass of zero in the UV to a non-zero con¬ 
stituent quark IR value. 

Our immediate goal in this paper is not to fix Am? and 
derive L{p) but to investigate the form of L{p) and <i)(p) 
which will give soft wall behaviour for the p and its Regge 
tower of bound states. 


A. The p Regge Trajectory 


We again assume the s = 1 p meson is created by the 
operator qj^q, with higher Regge states associated with 
the operators qj^d'^q, qj^d'^d^q,.. and so on with s — I 
derivatives inserted. 

Holographically each of these operators will be associated 
with an s index held in the geometry with action 

r l+2s -<S> 

S ~ J dp ^ f (17) 

Note there is some ambiguity here about where factors 
of p or factors of -y/p^ -I- occur (they are hxed by top 
down models [3| only for the p meson) but for the generic 
conclusions we reach below this will not be important. 

We seek linearized solutions of the form ]/(7-)gi7A...g-ifc.a; 
with F = —M/i and arrive at the equation of motion 

„l+ 2 s^ —^ 

dp [p^+^^e-^dpV] + = 0 (18) 

The large p solutions (assuming becomes a constant) 

again take the form V = c + ^. We now seek to place 
the equation into Schroedinger form so that we can eas¬ 
ily understand the potential that generates the masses 
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of the tower of radially excited states. We first change 
coordinates so the term and the M'^V terms have 
the same coefficient 


giving 




L2 


(19) 


^l+2Sg-$ 

+L2 


d.V 


^l+2s„-$ 


+ 


+ L2 


-m:v = 0 


( 20 ) 


1. yi=2SQCD 


The model includes the D3/probe D7 model which de¬ 
scribes an Isf = 2 gauge theory [3]. In this case L is a 
constant (which, up to a constant, is the quark mass and 
the only scale of the theory). The change of variables in 
(191 gives for m = 1 


do = 


+ I 


dz, 


z = arctan[p] 


(26) 


Next we rescale V 


i} = aV (21) 

Requiring that the linear derivative term vanishes leads 
to 


-dpa = - 
a 


l + 2s 

2p 


+ 


P 

p^ + L^ 


jdpL^) 

2(p2+L2) 


( 22 ) 


The key point here is that for 0 < p < oo maps to 0 < 
0 < 7r/2. Since z is of restricted range a square well like 
potential asymptotically is unavoidable. This is directly 
related to the fact that in a D7 probe model the p meson 
physics lives on the D7 world-volume and does not access 
scales below the quark mass (here r < 1). In the field 
theory the constituent quark mass provides a cut-off in 
RG scale and the meson masses are determined only in 
the theory above that cut-off. 


and hence 


1 

a 


dla 


1 + 25 

2p2 


+ + 


1 

p^+L^ 


OlL^) 

2(p2-l-L2) 


(aoL^)(2p+(dpL^)) 

2(p2 + L2)2 


p(2p+{dpL'^)) 

{p'^+L'^Y 



In Fig. 1 we show the Schroedinger wells generated for 
different s - they give the known analytic spectrum = 
4(n -I- s)(n -I- s -I- 1). Some sample masses are also plotted 
showing grows as . 


The equation of motion is now of Schroedinger form 

- ijj'' +U-iP = M^iIj (24) 


with the potential 


U = [p^+^^e-'^dpo] 


ap^ 


= -(P + i’P {ld,a) - 3,4. (Id,a) + laic 

(25) 

This expression is in the p coordinates and needs to be 
rewritten in z using the result of the coordinate transfor¬ 
mation in (19) 


B. Examples 


In this section we will look at the spectrum of the p meson 
and its Regge partners which emerge from a variety of 
choices of the function L{p) in Dynamic AdS/QCD. We 
will begin in the controlled case of the N = 2 SYM theory 
and move away phenomenologically towards more QCD- 
like spectra. 


u 




Figure I: The Schroedinger wells for the N=2 model for 
s = I, 2, 3,4 which give a spectrum 
= 4(n -I- s){n -|- s -b I), and a plot of the Mass 
trajectories vs spin, s, for the excitation numbers 
n = 1,2,3,4, 5. 
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2. A Model of a Dynamically Generated Mass 


S. Engineering with L 


In models with a dynamically generated mass (eg [51IH]) 
a typical profile for the embedding L is 


L = 


1 

l+p2 


(27) 


which falls off as 1/at large p but deviates from passing 
through = 0 yet has dpL{0) = 0. Such 

models are very similar to the IST = 2 case though in that 
at large p the L dependence in (191 is negligible whilst 
at small p, L ^ constant. Again one finds that the z 
coordinate is bounded in extent and the Schroedinger 
well must be square asymptotically. In Fig. 2 we again 
plot the Schroedinger well and masses for this case. ^ 
again grows as n? and s^. 


Of course this is a toy example because the running of 
dilaton like factors that might induce this shape in L are 
not included. However it is important to stress that the 
change of variables to z is independent of the dilaton - it 
is this change of variables that leads to a truncated range 
in z and hence a square well and v? like spectrum. No 
choice of dilaton in the bulk or on the brane could change 
that result. 


Now we can try to engineer a behaviour for the meson 
masses that goes as ^/n or y^s. Let’s first ask what 
choice of L(p), which sets the form of the soft wall, would 


achieve this. We need as 
the factor (p^ 


->■ 0 for L to dominate in 
if L ~ pP then we need 
0 < p < 1. For p < 1/2 the z coordinate resulting from 
(191 is bounded by a maximum value and the asymp¬ 
totics must look like a square well. For p > 1/2 the IR 
potential well falls to zero and the spectrum is not dis¬ 
crete. More interesting behaviours can be found in the 
region fine tuned close to p = 1/2. 


We can for example engineer the softwall potential of m 
for the p mesons. We set $ = constant and s = 1. We 
enforce the change of variables 


e-^ d, = -p^dp 

which at large z, small p implies 


2 -z 

p = ze 


(28) 


(29) 


We get the equation of motion in the IR limit where L 
dominates its term 






Figure 2: The Schroedinger wells for the Dynamically 
Generated Mass model for s = 1, 2,3,4 and a plot of the 
Mass trajectories vs spin, s, for the excitation numbers 
n = 1,2,3,4, 5. 


Figure 3: The Schroedinger wells for the softwall model 
with L given by (331 for s = 1, 2, 3,4 and a plot of the 
Mass trajectories vs spin, s, for the excitation numbers 
n = 1,2,3,4, 5. 
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6 - 2 ^ 

d,{e-^"d,V) + ^^V = Q (30) 

Thus if we pick 

. .2 /Q1N 

—j^ = e , le L = zp (31) 

in the IR, we achieve the softwall model of ([^ at s = 1. 
Note up to a log factor we indeed sit on the p = 1/2 
boundary. 

As an example complete model of this type we can choose 


model. Many people have expressed the view that soft- 
walls are not the way to produce linear Regge behaviour 
(one should use true stringy behaviour) and the interpre¬ 
tation in Dynamical AdS/QCD probably supports this 
view. 

Functionally there is a second problem with this model. 
By manipulating L we have effectively realized linear tra¬ 
jectories in an equivalent way to the use of “e"^” in |13) . 
As there, the trajectories for higher s states do not have 
the same slope as s = 1. In the next example we will 
provide a model that mixes a dilaton flow and L profile 
that achieves the best case of [l3j. 


\/l + zp^ 


(32) 


This falls off asymptotically as p^ but matches the IR 
behaviour needed. 


We display the Schroedinger well and Regge trajectories 
in Fig. 3. The potential has a harmonic oscillator form 
at large z which leads to the linear Regge behaviour in 
n. Is this a success? First let’s plot the function L{p) - 
see Fig. 4. 


u 




Figure 4: The function L{p) which reproduces the 
softwall behaviour of m with a constant dilaton. Also 
shown are examples of the profiles for the N = 2 theory 
{L ^constant) and for the dynamically generated mass 
example (L = 1/(1 -I- p^)). The line L = p is also plotted 
to show where the on-mass shell condition is satisfied. 


Figure 5: The Schroedinger wells for the softwall model 
with L given by (331 for s = 1, 2, 3,4 and a plot of the 
Mass trajectories vs spin, s, for the excitation numbers 
n = 1,2,3,4, 5. 


Physically L{p) in the top down models is a plot of the 
quark mass against RG scale. Here this function is very 
peculiar, at least in the context of top down models. The 
quark mass grows until the on-mass shell scale but then 
below that scale falls to zero in the deep IR. In par¬ 
ticular in this construct the p meson physics is deter¬ 
mined by radial distances (RG scales) all the way down 
to zero. This is in sharp contrast to top down mod¬ 
els where the p physics is immune to scales below the 
IR quark mass. The construct of a soft wall needs non¬ 
decoupling of quarks in the IR of a strongly coupled gauge 
theory. Of course this generic point is true in any softwall 


4 . Engineered Dilaton and L 


As we have seen in our second example we can’t use a 
bulk dilaton to engineer an IR softwall model with any 
finite value for T(0) because the quark physics will not 
see the deep IR behaviour of that dilaton. An example 
solution to this problem is to take L ^ p in the IR so 
that the induced metric on the embedding is just AdS 
and take a dilaton cj) = z'^. We set as an example 


L = 


P 

l + p3’ 


$ = 


(33) 
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We plot the Schroedinger wells and mass trajectories in 
Fig. 5 where the linearity in n and s is clear. 

The complaint that the p physics is determined by RG 
scales below the IR quark mass remains in this model. 

Note that we have not attempted to find profiles for 
which would dynamically generate these profiles for L. 
They would clearly need to be quite peculiar relative to 
the standard expectation from the perturbation theory 
running. 


IV. TECHNI-DILATON 


In this final section we want to turn our attention to 
the impact of soft wall dynamics on the so called techni- 
dilaton state in walking gauge theories. There is con¬ 
siderable interest in the behaviour of QCD-like SU(iVc) 
gauge theories with varying number of flavours Nf [ 311 - 
fii] . For Nf < llNc/2 the theories become asymptoti¬ 
cally free. There is believed to be a region of Nf below 
this value where the theory runs to an IR fixed point at 
which the coupling grows in strength as Nf decreases. 
At some critical value, roughly estimated as Nf ~ 4Vc, 
the coupling at the fixed point becomes strong enough 
to trigger chiral symmetry breaking and IR conformality 
is lost. The transition is triggered when the anomalous 
dimension of gg 7 ~ 1 [151 [Ml EZ] • The transition is of a 
BKT or Miransky scaling type [451146]. Just below the 
critical value of Nf for chiral symmetry breaking theories 
are supposed to display walking behaviour. The coupling 
runs to an IR theory with 7 ~ 1 from below. For theories 
close to the critical coupling the running in the IR theory 
is very slow and the scale where chiral symmetry break¬ 
ing occurs is in a theory that is very close to conformal 
[.‘12j . A number of authors have predicted that a light 
dilaton-like state (relative to the rest of the spectrum) 
will emerge in these theories P51l53j . 

Recently several groups have developed holographic mod¬ 
els of walking theories and the conformal window [131171 
[20] . These theories do not predict the dynamics of the 
running of the couplings or anomalous dimensions but 
include them either directly or through chosen potentials 
for supergravity fields. They do though predict the me¬ 
son spectrum as a function of Nf and Nc after those 
assumptions have been included. Interestingly Dynamic 
AdS/QCD was used to show the presence of a light qq 
scalar state but the model of m does not see such a 
state. Here we want to argue that it is the incorporation 
of a soft wall dynamic in m that explains this difference. 
In particular, as we have seen in the sections above, to 
achieve ^ n Regge trajectories in AdS/QCD models 
it is necessary to allow the meson physics to be deter¬ 
mined by the deep IR regime below the chiral symmetry 
breaking scale. In m this is achieved by the tachyon 


field that describes the qq condensate diverging in the 
IR only at the scale r = 0. In Dynamic AdS/QCD the 
probe-brane-like action terminates at the on mass shell 
condition for the quarks. The running in the gauge the¬ 
ory is near conformal down to that on mass-shell con¬ 
dition scale but below where the quarks decouple from 
the running of the gauge coupling the Yang-Mills like 
running of the glue theory is very non-conformal. We 
believe that whether a light mesonic state is seen or not 
depends on whether its dynamics is sensitive to the con¬ 
formal symmetry breaking deep IR or not. To demon¬ 
strate this logic we are simply going to study the mass of 
the scalar qq state in Dynamic AdS/QCD with and with¬ 
out soft wall behaviour. When we decouple the mesonic 
action at the quark mass scale the state is light but if 
we allow it to see the non-conformal IR running then the 
state becomes heavy with mass of order the chiral sym¬ 
metry breaking scale. This at least highlights the role of 
quark decoupling in these holographic descriptions. Top 
down probe brane models appear to us to support the 
idea that mesonic physics should be blind to the deep 
IR below the quark mass but this would invalidate the 
soft wall mechanism. 


A. Walking Dynamics in Dynamic AdS/QCD 


The gauge dynamics is input into Dynamic AdS/QCD 
through the running of the anomalous dimension of qq, 
7 . In the hol ogra phic description 7 enters through the 
term Am? in ( 12 ). 


We will fix the form of Am^ using the two loop running of 
the gauge coupling in QCD with Nf flavours transform¬ 
ing under a representation R. This of course is a naive 
extrapolation of perturbative results beyond their regime 
of validity but is widely used to motivate the presence of 
a conformal window and walking, and because we have 
no better guess. The running takes the form 


p,— = -boa - bia , 
dp 


(34) 


where 

6 o = ^(lliVe-27V/), (35) 

and 


h 


1 

247r2 


^34A/ - lONcNf - 3 


Nc 



(36) 


Asymptotic freedom is present provided Nf < llNc/2. 
There is an IR fixed point with value 


a* = — 


bo/bi , 


(37) 





which rises to infinity at Nf ^ 2.6Nc. 

The one loop result for the anomalous dimension of the 
quark mass is 


3C2 


C 2 


(n! - 1) 

2N, 


(38) 


So, using the fixed point value a*, the condition 7 = 1 
occurs at ~ 4Nc (precisely iT )) ■ 

We will identify the RG scale /i with the AdS radial pa¬ 
rameter r = \/in our model. Note it is important 
that L enters here. If it did not and the scalar mass was 
only a function of p then, were the mass to violate the 
BF bound at some p, it would leave the theory unstable 
however large L grew. Including L means that the cre¬ 
ation of a non-zero but finite L can remove the BF bound 
violation leading to a stable solution. 

Working perturbatively from the AdS result m? = A(A— 
4) we have 


Ato^ = —271 


3(A^ 

2Ac7r 


(39) 


This will then fix the r dependence of the scalar mass 
through Am^ as a function of and Nf. 

The vacuum structure for a given choice of representa¬ 
tion, Nf and Nc must be identified first. The Euler- 
Lagrange equation for the vacuum embedding is given 
at fixed Nw? by the solution of 

^ (p^dpLy) - pAm^Ly = 0. (40) 

Note that if Aw? depends on at the level of the 
Lagrangian then there would be an additional term 
—pL'^dAm^/dLy. We neglect this term and instead im¬ 
pose the running of Am^ at the level of the equation of 
motion. The reason is that the extra term introduces an 
effective contribution to the running of 7 that depends on 
the gradient of the running coupling. Such a term is not 
present in perturbation theory in our QCD-like theories - 
we wish to keep the running of 7 in the holographic the¬ 
ory as close to the perturbative guidance from the gauge 
theory as possible. 

In order to find Ly{p) we solve the equation of motion 
numerically with shooting techniques with an input IR 
initial condition. A sensible first guess for the IR bound¬ 
ary condition is 


Ly{p = Lo)=Lo, 4(p = To)=0. (41) 

This IR condition is similar to that from top down mod¬ 
els [ME] but imposed at the RG scale where the flow 
becomes “on-mass-shell”. Here we are treating L{p) as a 
constituent quark mass at each scale p. To continue the 


flow below this quark mass scale we would need to ad¬ 
dress the issue of the decoupling of the quarks from the 
running function 7 - previously we have not addressed 
this challenge but we will show some of the subtly below 
when we include a soft wall. 


The isoscalar qq (cr) mesons are described by linearized 
fluctuations of L about its vacuum configuration, Ly. We 
look for space-time dependent excitations, ie \X\ = Ly + 
(5(p)e*‘^'“, q^ = —M^. The linearized equation of motion 
for S is 

dp{p^S') - Aw?p5 - pLy5 

Lv 

(42) 

-f (Ll+p'^y ^ ~ 

We seek solutions with, in the UV, asymptotics of 5 = 
and with dp5\Ly = 0 in the IR, giving a discrete 
meson spectrum. 

This calculation has already been presented in m and 
the cr meson mass, in units of the p meson mass, falls to 
zero a.s Nf —>■ ANy where the Miransky phase transition 
occurs. We summarize this result for the Ny = 3 theory 
in Fig. 6 . 





Figure 6 : A plot of the a meson mass in units of the p 
meson mass against Nf in Dynamic AdS/QCD. The 
points that fall to zero at the chiral transition at 
= 12 are those computed where the action is cut-off 
at the on-shell mass of the quark so the theory is blind 
to the deep IR conformal symmetry breaking, whilst the 
points that asymptote to a non-zero value at A/ = 12 
are for the soft wall variant. 


Now we will include an IR soft wall behaviour into the 
model in the spirit of the fourth example given above 
with an IR L{p) and dilaton prohle . To demonstrate 
the idea, rather than cooking Am^ below the quark on 
mass-shell scale, we will include the soft wall by hand in 
the Ly profile and just compute the bound state masses. 
We take for the IR wall 

L{p) = Lq sin( 7 rp/ 2 Lo), p < Lq 


(43) 
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which is linear at small p and matches to the solutions 
already found above p = Lq. We then include a dilaton of 
the form l + ea;p(—1/p^) —ea;p(— 1/Lq) which grows from 
unity at the matching scale to take the form exp{—z'^)ui 
the IR. Now we again compute the p and a spectrum 
as a function ot Nf for the Nc = 3 theory except now 
imposing the boundary conditions R'(0) = 0 and (5'(0) = 
0. We display the results also in Fig 6. The a meson 
now does not become light because it is sensitive to the 
IR conformal symmetry breaking that picks out the scale 
Lq, as advertised. 


V. SUMMARY 


Dynamic AdS/QCD is an AdS/QCD model derived from 
the quadratically expanded D3/probe-D7 system but 
with the running of the anomalous dimension of qq re¬ 
placed by hand to match a particular theory. The held 
holographic to the quark bilinear |A| = L can be thought 
of as the running quark mass and generates a soft wall 
in the action for the mesonic huctuations. In this pa¬ 
per we have studied manipulating L to mimic a soft wall 
model in the spirit of m- The idea is to use the deep 
IR behaviour of the metric or the dilaton to transform 
the mesonic spectra from that associated with a square 
well potential (M„ ~ n) to that associated with a sim¬ 
ple harmonic oscillator {Mn ^ y/n). Although this can 
be done, it requires L —> 0 in the IR which is not the 
behaviour seen in top down models nor what would be 
naively expected for the IR behaviour of the quark mass. 
The mesonic physics becomes determined by RG scales 
well below the on-shell quark mass. Nevertheless we have 
shown examples of this behaviour in the model. 

We have also highlighted the consequences of soft wall 
dynamics in models of the light a meson that emerges 
in walking theories near the chiral transition from the 
conformal window. If the mesonic physics is determined 
by scales above the on-shell mass of the quark then the 
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